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Suppose we have data In practice, need to specify T, = |0, tiax
D, = {(Y1, XlT )y (Yo, XnT )} If t,.x 1S too small, we may exclude good solutions
X;=(Xu,..., X)) € RP are the features By definition, B\t c{B:||8]l <t}
Y; € R are the responses This constraint is only binding it
Use D,, to choose a tunction ]?that can predict Y from X t < {7%1,? HEO + |1 = to,
The reoression function 1s the best predictor where
m(X) =E[Y]X] = arg;nin (Y - f(X ))2] 30 = (XTX)TXTY is a least squares solution

IC:={a:Xa =0} is the null space of X

[dea: Start with linear approximation of m(X). Dofine ¢ | B\OH
CIINEC lygx - — 1

Choose 8 € R form

AN

FX) = X0 X = X6

[mportant: This does not assume that m is linear in X! 0114 4
BllE| = ofth)

C2. For any cross-validation procedure V;,, there exists a constant ¢,, such that for

‘ : 11 eV,
(1-regularized regression all v # v €

- ‘U|ch
EoNv =

C3. Let Z" = (Y, X ") ~ F,. Then, (F},),>1 is such that 3C' < oo for all n where

1. E [

We need to find a good estimator of (.

Called lasso or basis pursuit

The estimator satisfies

B, = argmin ||Y — XB][3 subject to |||, < t

g “:Fn max (Z]Zk — “:FanZk)Q <(C
0<J,k<p _

Alternatively: R
By = argmin |[Y — XJ| |3 + Al B}

b

Suppose 1m(X) = X7 P(E(B ) > 8) =0 (tg 08 ”) .
® If A\ = o(n), then B, 3 -
m[f2—q e (0,00), then By - B in general ® ¢, =< n for K-fold cross-validation
m[f % — 00, then EA 0 ® leave-one-out cross-validation has ¢, = 1

What if m(X) not linear? What if p > n”

Properties of ¢,

The faster t,, — oc0. ..

Define Z' = (Y, X ") to be a new observation (same distribution)

(Predictive) risk ® the less restrictive condition C1 becomes

R(f) =Ez |(Y - X Tﬂﬂ m R,(3; ) shrinks faster
Oracle estimator m Butif ¢t = Q(n/logn), Etn may not be persistent, let alone Eg

B = argmin R([) R
(G181 <t} Can E [H 50||ﬂ — o(t!) if = o (bgn)?

Eixcess risk R R EXAMPLES:

E(Br, By) = R(Br) — R(B;) Suppose Y = m(X) + ¢, m(X) bounded, E[e'] < oo
A procedure is persistent it B X, € R? are 1.1.d sub-Gaussian with independent components

E(Br, Br) = 0 ® Fixed design, kernel regression satisfying h~'¢(1/h) — 0 as h — o0

B Orthogonal basis regression

The best (oracle) linear model

If+* = o (L), then B\t is persistent relative to 37

o3 Future work: Similar results for lasso-type estimators
Et is not necessarily persistent if ¢* ¢ o (logn) B (G a partition of {1,...,p}
What it choose t = tAusing D,? g, =1{8: deg \/@Hﬁgm < u}
THEOREM: Suppose
Create set of validation sets V,, = {wvy, ..., vg, } R (dea HBS| |2)4 = o(uy)
Et(v) lasso estimator ignoring observations in v C {1,...,n} ® p, = n" for some a > 0

] mane(; ‘g‘ — CLn

B Conditions C2 and C3

The cross-validation estimator of the risk is

B D 2l 2VK, 1 1 ~w)\?
Ry, (t) = Ry, (ﬁlE )""’ﬂt( )) :meZ (YT_XTT@ )) Then, for any 0 > 0,
nve\/n rev
~ logn
Define R Pr (5 (ﬁ@, 51*%) > 5) =0 (anui cg ) .
t == argmin Ry (t) "
teT),
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